We present the results of the numerical experiments in favor of the Baez-Duarte criterion for the Riemann Hypothesis. We give formulae allowing calculation of numerical values of the numbers c k appearing in this criterion for arbitrary large k. We present plots of c k for ( ) 9 1, 10 . k ∈
I. INTRODUCTION
In 1997 K. MaĞlanka [1] proposed a new formula for the zeta Riemann function valid on the whole complex plane Ù except a point s = 1: [2] . In the subsequent preprint [3] the same author proved the new criterion for the Riemann Hypothesis, while its journal version appeared two years later [4] . The (1) He proved that RH is equivalent to the following rate of decreasing to zero of the above sequence: ε > (2) Furthermore, if ε can be put zero, i.e. if ( ) -3 4 , k c = k O then the zeros of ( ) s ζ are simple. Baez-Duarte also proved in [4] that it is not possible to replace 3/4 by 3/4 + İ.
Neither in [4] nor in [6] is it explicitly written whether the sequence c k starts from k = 0 or k = 1. However in [4] a few formulas contain k = 0, i.e. summation starts from c 0 . The point is that if we allow k = 0, for which c 0 = 6/π 2 , then the inversion formula (see e.g. [7] ) is fulfilled:
However, we see no application of the above formula, except for a possibility of checking some of the statements made in [13] . Furthermore, if the Baez-Duarte sequence c k starts from k = 0 then the following identity holds:
It is an application of the general formal identity:
where a k should not increase too fast with k to ensure convergence of series 1 . Putting here a j = (-1) j b j gives the usual formula appearing in the finite difference theory (see [14] §1):
The identity (4) can be used to establish the connection with the Riesz criterion for RH (original paper [9] , discussed in [4, 11] ). Riesz has considered the function:
.32. Riesz has proved that the Riemann Hypothesis is equivalent to slower increasing of the function R(x):
But from (4) we get:
thus the generating function for c k can be expressed by R(x). In [10] it is proven that for any real number 3 2
The proof is based on the relation ( ) . k R k k c ≈
II. COMPUTER EXPERIMENTS
The criterion (2) seemed to be very well suited for computer verification. At the end of [3] Baez-Duarte wrote a sentence "A test for the first c k up to k = 1000 shows a very pleasant smooth curve". However, for larger values of k the true behavior of the sequence turned out to be more complicated: instead of monotonic tending to zero there appeared oscillations and c k changed the sign at first 1 Indeed, collecting on the l.h.s. terms multiplying a j we get: To our knowledge, the first plot of c k for k up to 95000 appeared in the book [5] published in Polish. The same plot was reproduced in [4] . Data used to make this plot consisted of c k calculated every 500-th k -it is very time consuming to get c k directly from (1) . Indeed, for large j the values of ȗ(2j + 2) very quickly become practically equal to 1, thus the summation of alternating series gives wrong results when not performed with a sufficient number of digits accuracy. For example, Table 1 presents values of the partial sums for c 12000 recorded every thousand summands (the calculation was performed with precision of 9000 digits). Let us remark that the partial sums for n and 12000-n are of the same order. The binomial coeficients become very large numbers in the middle and to get accurate value of c k one needs a lot of digits accuracy during the calculation. MaĞlanka has used Mathematica to perform these calculation. Over three years ago we started to calculate c k using the free package PARI/GP [12] developed especially for number theoretical purposes, which allows practically arbitrary accuracy arithmetics both fixed-point as well as floating-point. We started to calculate consecutive c k for each k with the help of the following script in Pari: The problem encountered during these calculations was that it seemed not possible to change the accuracy of calculation while running the script (the command \p 3500 above). Thus we had to change the precision by hand. It turned out that when the precision was to small, produced values of c k were completely wrong, differing from the correct ones by ten to a very large power. The rule learned from these examples for precision set to make calculations confident was that the number of digits should be at least enough to distinguish between 1 and 1 + 1/2 k in the zeta appearing in (1), i.e. the precision set to calculate c k should be at least \p = k * log 10 (2). Table 2 presents the real example we saw during the calculations: when the precision was set to 60000 digits the values of c k for k between 198000 and 200000 were (198000 × log 10 (2) = 59603.93914, 200000 × log 10 (2) = 60205.99913): MaĞlanka kindly sent me the values of c k from his calculations up to k = 95000 with k jumping in intervals of 500, i.e. k = 500l. In autumn 2005, I started to continue working on the cluster of 8 processors Xeon 2.8 GHz, with 4 GB RAM per node of two processors 3 , with the aim to reach k = 200000 also every 500-th value of k using PARI/GP computer algebra system [12] . Over the five months of computations I have used between 4 and 6 processors to calculate c k in different intervals of k. When these calculations were running I found the paper [4] where 3 Because we have used 32-bits version of PARI/GP I was able to use 2^31 bytes =2 GB of RAM per process. explicit formulae for c k in terms of zeros of ( ) s ζ were given. Quite recently there appeared a paper [6] where a prescription to obtain c k very quickly were also given. In view of these developments there is no need to continue very time-consuming calculations based on the formula (1). The only benefit of these calculations was the possibility to compare c k obtained by means of formulae presented in [4] and [6] against those c k obtained from the generic formula (1) . It should be stressed that calculations based on (1) do not assume the validity of Riemann Hypothesis in contrast to formulae presented by MaĞlanka or below. Using these formulae c k can be calculated very quickly for practically arbitrary k -it is very time-consuming to calculate c k without assuming RH.
III. EXPLICIT FORMULAE
The formulae presented in [4] and [6] expressing c k directly in terms of the zeros of ( ) s ζ are essentially the same, they differ in the manner they were derived. MaĞlanka has used the binomial transforms discussed in [14] while Baez-Duarte is developing the whole machinery by himself. The formulae of these two authors can be written as a sum of two parts: quickly decreasing with k trend k c and oscillations : 
and oscillating part:
where it is assumed that zeros of ( ) s is the Beta function. In fact, Baez-Duarte is skipping the trend remarking only that it is of the order o(1/k) (Remark 1.6 in [4] ). Theoretically the formula for k c is valid in the limit of large k, but surprisingly the numbers produced from the above formulae (10) and (11) are practically the same as obtained from the generic formula (1) for all k, e.g. already for k = 2 we get c 2 = -0.25699711 from (1), while (10) and (11) give c 2 = -0.256969863 and accuracy increases with k. It suggests that the integrals J k appearing in [4] in the proof of the Theorem 1.5 are decreasing to zero rather fast with k.
First let us consider the trend. It can be calculated directly from (10): ¦ Using this formula we were able to produce every 500-th value of k c for k = 500, 1000, ...10 9 performing calculations in Pari with 100 digits accuracy in about 4 hours. For large k we have used the following asymptotic expansion of (12): 
It can be further simplified to:
The comparison of these formulae is given in Table 3 . Now we consider the oscillating part . function even in PARI/GP it was not possible to pursue with formula (11) for large k. Namely it crashes for k = 356000 because of overflow. But there is the following asymptotic formula (see e.g. [15] , §1.8.7):
Using it for large k and assuming the Riemann Hypothesis:
( ) (16) where I have denoted: 
1= ℑ¨© ¹ (18) In (16) the decreasing of c k like 3 4 k − is obtained as an overall amplitude of the "waves" composed of the cosines and sines with the "frequencies" proportional to imaginary parts of the nontrivial zeros of ( ) . However, calculations with the first zero γ 1 = 14.13472514173469... give numbers which differ much less than 1% (see l = 1 and l = 2 in Table IV ) from those calculated with a larger number of terms in (16) as well as with c k for k < 200000 obtained directly from (1) without assuming RH. The plots of c k for k up to 10 9 obtained from those formulae are given in the Fig. 1 and Fig. 2. In Fig. 2 there is a logarithmic k-axis and thus the plot has a constant "wavelength", not depending on k like in Fig. 1 . The envelope is given by: (20) and was obtained in the following way: First we maintained in (16) 
Next we made use of the identity:
to obtain:
from which (20) follows and a numerical value of A is obtained from 1 α and 1 β in Table 4 . Here φ = -0.54916 (= 56.497°). Let us remark that this value of A agrees very well with the amplitude reported by Beltraminelli and Merlini [16] . It is interesting to note that lhs of the above formula is valid not only for integer k but also for real k, thus using the approximation ( ) k c R k k ≈ derived in [10] we can write for large x:
There is another way of checking accuracy of the above equation (23). Namely assuming that (23) is true and denoting by k' and k'' two consecutive zeros of c k' = 0, c k'' = 0 we get for 1 :
To make sense, in the latter approach an independent of (23) and relatively fast method of calculating c k is needed.
In fact in [4] Baez-Duarte gives among others following formula being the transformation of (1):
Using this expression we have searched numerically for sign changes of c k up to k = 10 9 and Table 5 In Fig. 2 the plot of k 3/4 c k is presented. The Baez-Duarte criterion requires this "wave" to be contained in the strip of parallel lines for all k. Violation of the RH would manifest as an increase of the amplitude of the combination k 3/4 c k for large k. This point is elaborated in more detail by MaĞlanka in [6] . Here we will make some further comments on this issue. First it should be remarked that the r.h.s. of (16) consists of products of three terms: the first depending only on k (the overall factor k 3/4 ), the second depending only on imaginary parts of nontrivial zeros of ζ (the coefficients l α and l β ) and third ingredients depending both on k and l (the trigonometric functions). Assume there are some zeros of ζ off critical line. We can split the sum over zeros ρ in γ denote the imaginary parts of the zeros lying off critical line ("o" stands for "off"). It is not clear whether asymptotic similar to (19) will be valid for zeros off critical line, but it seems to be reasonable to assume that it should not differ significantly from (19) . Then the contribution to c k of such zeros off critical line should contain a factor of the order ( ) . o l e γ − Because the value of the imaginary part ( ) o l γ of the hypothetical zero off critical line should be extremely large, perhaps even as large as 10 100 can be expected, the combined contribution to c k coming from the second sum seems to be extremely small, thus to see violation of the Baez-Duarte criterion the values of k should be larger than famous Skewes number and look something like 10 10 .
Such a big index k should cause that the first term in (16) overcame the smallness of the second term depending only on ( ) . o l γ The plot in Fig. 2 is a perfect sine of one wavelength thus it gives visual justification of the above statement that c is in fact determined by the first zero γ 1 . The same phenomenon was mentioned by MaĞlanka in [6] .
FINAL REMARKS
The formula (16) together with a few coefficients l α and l β taken from Table 4 allows to compute values of c k for arbitrary large k. Other criteria for RH, like the value of the de Bruijn-Newman constant [17] , are vulnerable to the Lehmer pairs of zeros of ( ). s ζ It is hard to see the reason for violation of the inequality 3 4 const . to the number of zeros lying on the critical line. Let us mention that for the Li's criterion [18] which states that if the numbers [19] .
After a few months of computer experiments with c k we believe that Baez-Duarte sequence is one of the most important and mysterious sequences in the whole mathematics.
